The paper deals with the free vibration analysis of nano-composite beams. The nano-composite beams are a combination of single walled carbon nano-tubes (SWCNT) as reinforcement fibre and are dispersed in the epoxy matrix. Material properties of the resulting nano-composite material are extracted using the Timoshenko beam theory. Finite element method (FEM) is employed to solve the governing equations of motion. The effect of various parameters such as boundary conditions, carbon nanotube (CNT) volume fraction, slenderness ratio and the distribution of nano-material on the natural frequency of the composite structure are studied and presented. The obtained results reveal that CNT volume fraction and distribution have substantial effect on the properties of the nano-composite beam.
This paper is a revised and expanded version of a paper entitled 'Free vibration analysis of carbon nanotube reinforced composite Timoshenko beam' presented at International Conference On Recent Advances In Mechanical Engineering (ICRAME2017), Kingston Engineering College, Vellore, India, 1-2 September, 2017.
Introduction
Composite materials have wide usage in various industrial applications and have proven to be better than the conventional material in terms of strength and stiffness. In the recent past numerous research works have been carried out on nano materials which possess inherent mechanical, thermal and electrical properties. The addition of nano particles increases the stiffness and strength of the resulting structure. During their application they undergo vibrations and are subjected to dynamic loads. Hence study in this aspect becomes important and necessary.
Carbon nanotubes come in a variety of different diameter, lengths and functional groups. Today they are available in bulk quantities for various industrial applications. A nanotube may consist of one tube of graphite, a one-atom thick single-wall nanotube, or a number of concentric tubes called multi walled nanotubes. They have found applications in areas ranging from making of smallest chips in the world to working on something as big as automobile or aircraft manufacturing. They can be synthesised using arc evaporation method which is known to give the best quantity of CNTs. The strength of the strong sp2 carbon-carbon bond gives them amazing mechanical properties and stable thermal properties. One of their most notable fact is that they can be metal or semiconductor depending upon the requirements. The different types of carbon nanotubes can be specified namely, zigzag, chiral and armchair. The quality of carbon nanotubes and hence the properties that are obtained from it are completely dependent upon the plasma arc process that is used for manufacturing it. They can be considered to be an amalgamation of novel electrical, mechanical and thermal properties which other materials fail to project or encompass. Combining these properties to form a nano composite with them can lead to excellent functionally graded materials (FGMs).
FGMs belong to a class of advanced material categorised by change in properties as the dimension varies. FGMs offer an excellent choice in the fields where applications are pretty severe involving heat engine components, rocket heat shields, thermoelectric generators, fusion reactors, etc.
Not much research have gone into CNTs combined with a particular matrix for finding out the free vibrational frequencies as compared to the amount of research that has gone into finding it's material properties (Odegard et al., 2003; Shi et al., 2004; Fidelus et al., 2005; Wuite and Adali, 2005; Han and Elliott, 2007; Zhu et al., 2007) . Going by the advances that have been made so far in this field, it can be hypothesised that using small fragments of CNTs can lead to a noticeable change in their corresponding properties (Fidelus et al., 2005; Wuite and Adali, 2005; Han and Elliott, 2007; Zhu et al., 2007) . Wuite and Adali (2005) who worked on the stiffness and vibration of the beam consisting of fractions of CNTs have led to the conclusion of the above point that the beam can be made stiffer by increasing the CNT content gradually. The discoveries so far in this field are quite important and hence have so far found numerous applications in the day to day life. Ke et al. (2010) have worked in this field upon Timoshenko beam theories consisting of Single Walled CNTs which are to be used in this paper. The distribution is shown in the direction of height of the composite. An efficiency parameter was introduced by them in order to encompass the various interactions between the different materials at their interphases. As it is known that the rule of mixtures would not give the possible outcomes in case of randomly oriented carbon nanotubes, it becomes relevant to incorporate Mori-Tanaka method to carry out the micromechanics of the resulting composite as it is trusted for giving seemingly accurate results.
This paper is aimed at studying the fundamental frequencies of free vibrations of CNT reinforced composite Timoshenko beams and contrast the results obtained to generate the relevant conclusions that could be helpful in future analysis. The usage of Mori-Tanaka methods will give the required results as the method is deemed to be sufficiently accurate for randomly oriented CNTs for finding their material properties. All of the investigation is carried out and the results are compared in the end giving the relevant conclusions and ideas as to how the material will behave under different changes like slenderness ratio, distribution direction and volume fraction coefficient The complete evaluation was done using FEA and the relevant stiffness and mass matrices were obtained which further led to the formation of the desired frequencies of vibrations. Thus, the relevant mode frequencies are obtained for the given circumstances and are plotted below.
Functionally graded properties of CNT reinforced composites

Discussion on equivalent fibre properties
Finite element methods have helped in the analysis of CNT and fibres thus giving the properties at their interphase as mentioned below. An embedded CNT mixed with a polymer matrix is replaced by its long fibre equivalent for finding the mechanical properties of the CNT/polymer composite. We use a solid cylindrical chiral fibre which is dimensionally (10, 10), finally the equivalent properties of the given fibre can be obtained by using the inverse rule of mixtures : 
Poisson's ratio of matrix
Volume fraction of the equivalent fibre
Volume fraction of the matrix.
The first step involves calculating of material properties for modelling the Timoshenko beam by using equivalent fibre properties of composite from Table 1 . In this analysis of FG-CNTRC Timoshenko beam, properties of materials are thought of to be graded along the thickness direction on the basis of several linear distributions of the volume fraction of CNTs. First order shear deformation theory (FSDT) is used to evaluate expressions for dynamic characteristics of the beam. We further discuss the orientation and distribution of CNTs in the composite in the following sections. 
Distribution of material linearly
The different distributions of the CNTs along the height direction is given by the following distribution patterns: UD, FG-X, FG-A, FG-<>. The volume fractions of carbon nanotubes, V cnt of different types of the composite beams are expressed as:
where, * cnt V completely depends upon the density and mass fractions of both the matrix and carbon nanotubes. V cnt and V m are the respective volume fractions for CNT and matrix materials given as:
where cnt w is the CNT mass fraction, and cnt ρ , m ρ are the CNT and matrix densities resp. Thus property variation given in the linear material and other material properties can be found by inserting data for V cnt in equation (2).
Carbon nanotube orientation effect on material property
There are various methods which are helpful for estimating the all of composites' properties. The usage of Mori-Tanaka methods will give the required results as the method is deemed to be sufficiently accurate for randomly oriented CNTs for finding their material properties of fibre/polymer composite. The Eshelby-Mori-Tanaka method, considered as the equivalent inclusion-average method for stress, is based on almost the same principle of inclusion of Eshelby's idea of elastic properties (Sobhani Aragh et al., 2012) followed by the conceptual idea of average stress in the matrix element which is due to Mori-Tanaka (Heshmati and Yas, 2012) . According to revision made by Benveniste (Sobhani Aragh et al., 2012) , effective tensor of elastic moduli C of CNT reinforced composite beam is as follows:
where I is considered to be the fourth-order unit tensor. C m is given as stiffness tensors of the matrix and C r is given as stiffness tensors for equivalent fibre. It is noted that the brackets depict an average of overall possible orientation of the inclusions. A r gives the dilute mechanical strain concentration tensor and is referenced by:
where S gives fourth-order Eshelby tensor, as shown by Eshelby (Odegard et al., 2003) and Mura (Fidelus et al., 2005) . The equality evaluation of the two given matrices below will reaffirm the criteria of Hill's elastic moduli : 
Euler angles α and β signalise the orientation of given straight CNT, as rendered in the 
We have to use the probability density function for normalising the CNTs that have been randomly oriented in the height sphere of the composite (Shi et al., 2004) .
Considering the above mentioned facts, the probability function can be given as:
Figure 1 Representative volume element (RVE) with randomly oriented, straight CNTs (see online version for colours)
The composite is called isotropic when CNTs are contemplated to be randomly oriented in matrix completely therefore all of the moduli may be formulated as (Shi et al., 2004) : 
For the reinforcing phase (CNTs), the Hill's elastic moduli are m r , l r , k r , p r , and n r. Lastly, the modulus of elasticity for given oriented carbon nanotube based composite beam is, 9 3
Analysis involving free vibration
Considering the FDST or Timoshenko theory, the displacement along the axis, U and the displacement in the transverse direction at any point in the beam, W, as shown in Figure 2 are given by (Chakraborty et al., 2003) . Kinetic energy of the beam as well as the strain energy are calculated by forming strain -displacement and constitutive relations. End expressions for these energies for the specific case are:
Hamilton's principle is used to obtain differential equations in form of 2 translational and 1 rotational degrees of freedom given as u, w and φ . 
Related force boundary conditions can given as: We get that the order of w 0 is of a degree order greater than slope φ. It is one of the needs that the element does not have shear locking. After solving the governing equations by using the interpolation functions of the stiffness and mass matrices can be obtained. And we derive the motion equation as:
where [M] give the mass matrix, [K] gives the stiffness matrix. This is indicated by Yas and Heshmati (2012) .
Results and discussion
It has been implemented on a beam having h = 1 m, L/h =20, 40, 60, 80 m to analyse the convergence of dimensionless fundamental frequency for Table 2 shows the convergence study for UD distribution for no. of elements at 20, 40, 60, 80 and 100 resp. The beam is clamped at both ends having SWCNT distribution 12%. Table 3 shows the convergence study for FG-X distribution for no. of elements at 20, 40, 60, 80 and 100 resp. The beam is clamped at both ends having SWCNT distribution 12%. Table 4 shows the first four non dimensional fundamental frequency at different SWCNT distributions for 100 elements, 12% distribution and clamped at both ends and L/H: 20. Table 5 shows the contrast between different volume fraction distributions vs. the percentage of SWCNTs distributed throughout that volume with both ends clamped and L/H: 20. Table 6 shows the contrast between slenderness ratio vs. the volume fraction distribution throughout that volume with both ends clamped and at 12% distribution. Tables 2 and 3 indicate that better conversion rate is achieved at 100 elements as compared to others. So the no. of elements can be increased or maintained constant at 100. Table 4 gives that FG-A distribution has slightly better free vibration as compared to other distributions with FG-X distribution showing relatively lower values. Table 5 indicates that as we increase the amount of SWCNTs in the given mixture, the free vibration tendencies improve gradually and hence can be altered depending upon requirements. 10.3173 Table 6 shows that increasing the slenderness ratio increases the free vibration frequencies. Figure 3 shows that the frequency of FG-<> will be maximum among all the four volume fraction distributions. Figure 4 shows the variation in quantity of percentage distribution of SWCNTs in the beam stating that as the quantity/percentage of SWCNTs increases, the beam gets better vibrational attributes. Figure 5 indicates the variation in slenderness ratio with the volume fraction distribution showing that increase in slenderness ratio can increase the ability of the beam to undergo more free vibration. Figure 6 shows the modal frequency values and mode shapes for first six natural frequencies for the Timoshenko beam at considered boundary conditions. It describes the way in which beam vibrates when no external forcing remains. 
Conclusion
The convergence of results has been studied using UD and FG-X distributions and then free vibrations analysis has been carried out. The following conclusions can be drawn based on the different tables and graphs depicted in this paper above:
The carbon nanotube based FGM composite with greater volume fraction of CNTs gives better dynamic behaviour which corresponds with the previous works which have been carried out in this field leading to the conclusion that increase in the number of CNTs can improve the strength and stiffness of the material allowing it to undergo free vibration without causing much stress on the material or resisting it's tendency to cracking or breaking to an extent.
The FG-<> volume fraction distribution model arguably gives a better structural strength to the beam overall which can be corroborated with the previous papers.
Also it's important to have an appropriate slenderness ratio for better utilisation of the material. The present work will be useful for predicting the dynamic behaviour of the beam.
